Exact analytical solution for a thermal boundary layer in a saturated porous medium  by Magyari, E. & Aly, Emad H.
Applied Mathematics Letters 19 (2006) 1351–1355
www.elsevier.com/locate/aml
Exact analytical solution for a thermal boundary layer in a saturated
porous medium
E. Magyaria, Emad H. Alyb,∗
a Chair of the Physics of Buildings, Institute of Building Technology, Swiss Federal Institute of Technology (ETH) Zu¨rich, Wolfgang-Pauli-Str. 1,
CH-8093 Zu¨rich, Switzerland
b Department of Civil and Building Engineering, Loughborough University, Loughborough, LE11 3TU, UK
Received 1 July 2005; received in revised form 14 February 2006; accepted 15 February 2006
Abstract
The forced convection thermal boundary layer in a porous medium as an analytically tractable special case of a mixed convection
problem is considered. It is shown that some general features of the mixed convection solutions reported recently by other
authors [B. Brighi, J.-D. Hoernel, On the concave and convex solutions of mixed convection boundary layer approximation in
a porous medium, Appl. Math. Lett. (published online, 2005); M. Guedda, Multiple solutions of mixed convection boundary
layer approximations in a porous medium, Appl. Math. Lett. (published online, 2005)] can already be recovered from this exactly
solvable case.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
We consider the two-point boundary value problem
θ ′′ + (1 + λ) f · θ ′ − 2λ f ′θ = 0
f ′ = 1 + θ (1)
f (0) = 0, θ(0) = 1, θ(∞) = 0 (2)
where f = f (η) and θ = θ(η), η ≥ 0 are the similar stream function and the similar temperature field of a mixed
convection boundary layer flow over a vertical plane surface adjacent to a saturated porous medium, as first obtained
by Cheng [1]. In the above equations −∞ <  < +∞ stands for the mixed convection parameter, λ > −1 represents
the power-law exponent of the surface temperature distribution and, at the same time, that of the velocity distribution
at the outer edge of the boundary layer. The positive and negative values of  correspond there to the aiding and the
opposing cases of mixed convection, respectively. In the former case the buoyancy forces support the external stream
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and in the latter one they oppose them. When the buoyancy forces are negligible,  = 0, one obtains the forced
convection limiting case of the problem. For  = 0, Eqs. (1) can be uncoupled and the boundary value problem (1)
and (2) goes over to its more familiar form
f ′′′ + (1 + λ) f · f ′′ + 2λ(1 − f ′) f ′ = 0 (3)
f (0) = 0, f ′(0) = 1 + , f ′(∞) = 1. (4)
Following the pioneering work of Cheng [1], the solutions of this “ f -problem” (3) and (4) for various values of the
parameters λ and  were investigated two decades ago by Merkin [2,3], Hussaini and Lakin [4], Hussaini et al. [5] and
more recently by Aly et al. [6], Nazar et al. [7], Brighi and Hoernel [8] and Guedda [9].
The aim of the present work is to give the exact analytic solution of the problem (1) and (2) in the forced convection
limit  = 0 and to compare its properties with the general features of the solutions as reported by Brighi and
Hoernel [8] for {λ > 0,  > −1} and by Guedda [9] for {−1 < λ < 0,−1 <  < 1/2}.
2. Forced convection solutions
In the forced convection case  = 0, the boundary value problem (1) and (2) admits for the similar stream function
the solution f (η) = η which holds regardless of the value of λ. Thus, for the similar temperature field the following
linear boundary value problem results:
θ ′′ + (1 + λ)ηθ ′ − 2λθ = 0 (5)
θ(0) = 1, θ(∞) = 0. (6)
By the change of variable
z = −1 + λ
2
η2. (7)
Eq. (5) can be reduced to the equation for the confluent hypergeometric functions M(a, b, z) (see [10], Chapt. 13),
such that its general solution can be expressed as a linear combination of ez M(b − a, b,−z) and z1−bez M(1 − a, 2 −
b,−z) as follows:
θ(η) = e− 1+λ2 η2
[
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Having in mind the properties of Kummer’s function M(a, b, z), one easily sees that the integration constants C1
and C2 are nothing else than the similar wall temperature and the similar wall temperature gradient, respectively,
C1 = θ(0) and C2 = θ ′(0). Now, the first boundary condition (6) implies C1 = 1 and, thus,
θ(η) = e− 1+λ2 η2 ·
[
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3. Discussion
3.1. Unique solutions in the range λ ≥ 0
The leading order term of the asymptotic behavior of the temperature field (9) is
θ(η) →
√
π
2
(
1 + λ
2
) λ−1
2λ+2


√
2 + 2λ
Γ
(
1+3λ
2+2λ
) + θ ′(0)
Γ
(
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)

 η 2λ1+λ , (η → ∞) (10)
where Γ stands for Euler’s gamma function (see [10], Chapt. 13). Now it is immediately seen that for λ ≥ 0 the
second boundary condition (6) can only be satisfied for the value
θ ′(0) = −√2 + 2λ ·
Γ
(
1+2λ
1+λ
)
Γ
(
1+3λ
2+2λ
) , (λ ≥ 0) (11)
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Fig. 1. Unique temperature profiles for different positive values of λ.
of the wall temperature gradient θ ′(0). Hence, for any specified λ ≥ 0 the boundary value problem (5) and (6) admits
a unique solution, specified by Eqs. (9) and (11). We see in this way that the uniqueness of solutions of the mixed
convection problem (3) and (4) proved by Brighi and Hoernel [8] for λ > 0 and  > 0 holds also in the forced
convection case  = 0 over the whole range λ ≥ 0.
The unique solution given by Eqs. (9) and (11) can also be expressed in terms of Kummer’s U -function in the form
θ(η) = 1√
π
Γ
(
1 + 2λ
1 + λ
)
· e− 1+λ2 η2 · U
(
1 + 3λ
2 + 2λ,
1
2
,
1 + λ
2
η2
)
, (λ ≥ 0). (12)
In the special case of a uniform main stream and a constant surface temperature, λ = 0, one recovers from (12) and
(11) the well known complementary error function solution
θ(η) = erfc
(
η√
2
)
, θ ′(0) = −
√
2
π
, (λ = 0). (13)
In the case of linearly rising surface temperature, λ = 1, the unique solution (12) can be expressed in terms of the
repeated integral i erfc(η) of the complementary error function as follows (see [10], Chapt. 7):
θ(η) = √π · i erfc(η)
= e−η2 − √π · η · erfc(η), θ ′(0) = −√π, (λ = 1). (14)
As an illustration, in Fig. 1 temperature profiles (12) are plotted for different values λ > 0.
Having in mind the second Eq. (1), the curvature f ′′(η) of solutions f = f (η) of the boundary value problem (3)
and (4) investigated by Brighi and Hoernel [8] for λ > 0 corresponds in the present context to the first derivative θ ′(η)
of the temperature profiles. Fig. 1 shows that θ ′(η) (i.e. the slope of θ(η)) is negative for all λ > 0 and 0 ≤ η < ∞.
Hence, our forced convection solutions (12) for θ(η) are not only unique, but also possess in the range λ > 0 the same
curvature property as the functions f ′(η) corresponding to the concave mixed convection solutions f of Brighi and
Hoernel [8] for λ > 0 and  > 0.
The asymptotic behavior of the unique solutions (12) is given by
θ(η) → e− 1+λ2 η2, (η → ∞, λ ≥ 0). (15)
We mention that the similar wall heat flux −θ ′(0) given by Eq. (11), which is the quantity of the most engineering
interest, scales with the similarity exponent λ linearly for 0 < λ 
 1 and with √λ for λ  1,
−θ ′(0) =


√
2
π
+ 3
2
λ, 0 < λ 
 1√
8
π
· λ 12 , λ  1.
(16)
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Fig. 2. Temperature profiles as multiple solutions corresponding to the same negative value of λ, namely λ = −0.3, and different values of the
similar wall temperature gradient θ ′(0).
3.2. Multiple solutions in the range −1 < λ < 0
The asymptotic expression (10) for the solution (9) holds to leading order also for negative values of λ. However,
for −1 < λ < 0 the power of η on the right hand side of Eq. (10) is negative and thus the second boundary condition
(6) is satisfied identically, regardless of the value of θ ′(0). Accordingly, in the range −1 < λ < 0, Eq. (9) yields a
non-denumerable infinity of solutions of our boundary value problem, one solution for each specified value of θ ′(0).
In Fig. 2 a few such temperature profiles corresponding to the same negative value of λ and different values of θ ′(0)
are shown. Therefore, we may conclude that the present forced convection solutions share for −1 < λ < 0 the
remarkable property of multiplicity of the mixed convection solutions which, in the latter case, has recently been
proved by Guedda [9].
It is worth noticing here that the unique solutions (12) corresponding to non-negative values of λ decay for η → ∞
exponentially according to Eq. (15). However, the multiple solutions which arise in the parameter range −1 < λ < 0
possess in general, according to Eq. (10), a slower algebraic decay. A single exception to this asymptotic behavior is
encountered in the family of multiple solutions corresponding to λ = −1/3. This is the case for the solution associated
with the vanishing value θ ′(0) = 0 of the wall temperature gradient. Indeed, in this case the second term of the square
bracket in Eq. (9) is zero, the first one is 1 and the corresponding exact solution is
θ(η) = e− 13 η2, (θ ′(0) = 0, λ = −1/3). (17)
The other members of this family of solutions associated with non-vanishing values of θ ′(0) decay algebraically
according to 3θ ′(0)/(2η) as η → ∞. The full solution family (9) can be put for λ = −1/3 in the form
θ(η) = e− η
2
3 + √3 · θ ′(0) · D
(
η√
3
)
, (λ = −1/3) (18)
where D denotes the Dawson integral
D(z) = e−z2
∫ z
0
e+t2dt (19)
which has the property D(z) → 1/(2z) as z → ∞ (see [10], Chapt. 7).
3.3. Final remark
Cheng’s model [1] of mixed convection which has led to the boundary value problem (1) and (2), or to its uncoupled
form (3) and (4), does not contain in the bulk of the saturated porous medium either heat sources or heat sinks.
Volumetric heat generation by the mechanism of viscous friction and heat consumption by pressure work are also
absent from the model. Under these assumptions, in the aiding case the temperature of the fluid may be nowhere
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lower than the ambient temperature T∞, and in the opposing case it may be nowhere higher than T∞. This physical
requirement leads to the important additional condition for the similar temperature field
θ(η) > 0 for 0 ≤ η < ∞. (20)
In other words, in the parameter ranges where the solutions θ(η) of the boundary value problem (1) and (2) do not
satisfy the condition (16) and, accordingly, the solutions of the uncoupled problem (3) and (4) do not satisfy the
condition
f ′(η) − 1

> 0 for 0 ≤ η < ∞ and  = 0, (21)
the solutions are non-physical.
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